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Pipe Dreams
Optimizing a Snowboard Halfpipe for Maximum Air
Stephen Bidwell, Liam Clegg, Victor Minden
February 14, 2011∗

Abstract
The shape of a halfpipe course for snowboarding directly affects the amount of
vertical air that a boarder can achieve on it. We used simulations to find the optimal
shape for a halfpipe to maximize the potential for vertical air.
We model a halfpipe as a mathematical cylinder defined by 3 variables: w, the
width, φ, the angle of inclination, and f (·), the shape function representing a vertical
cross-section. We model a given run down the pipe by assuming a boarder’s trajectory
is constrained to the vertical plane containing her initial velocity vector v0 , at angle θ.
Finally, we model a snowboarder as a point-mass with a coefficient of friction, µk , and
a stability function, γ(·). The stability function models the effect of the course on her
control and influences her trajectory at launch time.
We derive a path integral for the boarder’s velocity, taking into account the effects
of gravity and friction. By evaluating this integral at the boarder’s launch point and
combining it with her associated γ(·), we develop an expression for her maximum
achievable vertical air on an arbitrary halfpipe. We choose γ(·) such that finding the
ideal halfpipe shape is a non-trivial constrained optimization problem.
In our simulations, we fix representative values for all parameters besides f (·), and
use Monte Carlo methods to optimize vertical air across two classes of shape functions:
ellipses and sixth-order, even polynomials. Across multiple runs of 400 trials each, our
algorithm converged to a unique optimal solution within each shape class. While the
halfpipes within each shape class vary substantially in their ability to produce vertical
air, the optimal polynomial solution and the optimal elliptic solution do not differ
significantly in their maximum air.

1

Introduction

For a snowboarder, getting maximum vertical air on a halfpipe is a constrained optimization
problem involving speed and control. More speed at the pipe’s upper lip translates to a
greater distance traveled through the air, but the boarder must use control to direct her
trajectory upwards at launch time. A snowboarder gets most of her speed from two places:
the initial speed she drops into one side of the pipe with, and the speed she gains from
gravity. The boarder goes down the side of the halfpipe, and the halfpipe is also tilted
downhill so that she gains even more speed by traversing the track at an angle.
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Figure 1: The halfpipe.

2

Model

Our model includes the following variables and parameters:
A halfpipe, ξ, specified by:
• φ, the angle of inclination (◦ ),
• w, the width (meters),
• f (·), the shape function.
A run, R, specified by:
• θ, the initial angle,
• v0 , the initial velocity.
A snowboarder, SB, specified by:
• m, mass (kilograms),
• µk , the coefficient of friction between board and snow,
• γ(·), a stability function.
We define our halfpipe in xyz-space, with the positive z-axis pointing up. As shown in
Figure 1, the halfpipe is symmetric about the xz-plane, with the tops of its outer edges
lying on the y-axis. We make the following assumptions about the halfpipe:
• A halfpipe is smooth and has nonnegative concavity at all points.
• The shape of a halfpipe does not vary along its length.
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Figure 2: A halfpipe with the snowboarder’s path shown in blue.
The first assumption eliminates “halfpipes” with corners, bumps, or discontinuities that
make snowboarding on them unrealistic. The second assumption reflects the way real halfpipes are constructed.
With these assumptions, we proceed to model a halfpipe ξ as the mathematical cylinder
formed by a smooth function of non-negative concavity z = f (y) (the ‘shape’ of the halfpipe)
and a line in the xz-plane at some angle of inclination φ. The halfpipe ξ = {φ, w, f (·)} defines
a surface:

(x, y, z) x ≥ 0; − w2 ≤ y ≤ w2 ; z = f (y) − x tan φ .
As the length of a halfpipe has no meaningful impact on the maximum air a boarder can
achieve on it, we let the surface goes to infinity in the x-direction.
A snowboarder traversing a halfpipe zig-zags back and forth, gaining speed from the
incline of the pipe. We model as a run one zig (or zag), determined by an angle θ and an
initial velocity v0 . We measure θ from the y-axis, so that θ = 0 is a run straight across the
halfpipe. Initial velocity is in the direction of the initial downward slope of the trajectory.
We make one assumption about the run:
• The boarder’s trajectory along the halfpipe lies in a plane parallel to the z-axis.
This simplifying assumption is not too far from reality [4, e.g.] The resulting trajectory is
shown in Figure 2 (on a decidedly non-optimal halfpipe).
Finally, the snowboarder is determined by a mass m, a coefficient of friction µk , and
a stability function γ(·). Mass is measured in kilograms, and the coefficient of friction is
unitless. The stability function determines the way that speed, acceleration, or other factors
affect the snowboarder’s ability to control the angle of her launch.
For a given ξ, R, and SB, we can compute the expected vertical air Air, measured as
maximum vertical distance from the point of take-off on the lip of the pipe. For the current
project, we use a representative snowboarder SB ∗ and a representative run R∗ , so that we
can simulate the average air achieved by a good snowboarder on each track with the goal
max Air(ξ; SB ∗ , R∗ ).
ξ

(1)
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Figure 3: Side view of the half-pipe.
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Figure 4: The uz-plane, containing the snowboarder’s trajectory

3

Theory

Following our assumption about the boarder’s path, we define the u-axis as a line within
the xy-plane such that the boarder’s trajectory is a two-dimensional curve in the uz-plane,
shown in Figure 4. The path of the boarder is then parameterized by
x(u) = x0 + u sin θ
y(u) = y0 + u cos θ
z(u) = f (y(u)) − x(u) tan φ

(2)

= h(x(u), y(u))
We would like to know the snowboarder’s velocity at arbitrary points along her run. To
find this, we use the law of total energy, which tells us the that kinetic energy K of the
snowboarder at a point b along her path is determined by the gravitational field and the
work done by friction along her path, i.e.,
K(b) = K(a) + Wg + Wf ,

(3)
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Figure 5: Forces acting on a snowboarder traversing a half-pipe
where a is the initial point of the boarder’s run.
Using a as our reference for potential, the initial energy of the boarder is all kinetic,
yielding
1
K(a) = m|v~0 |2 .
(4)
2
The next term, Wg , the work done by gravity, is given by
b

Z

F~g · d~s,

(5)


0
F~g =  0  .
−mg

(6)

Wg =
a

with the gravitational field given by


Since the gravitational field is conservative and acts only along the z-axis, (5) reduces
to
Wg = mg [z(u(b)) − z(u(a))] ,
where u(·) is the inverse parametrization of a point in the boarder’s path.
Thus the only term that remains to compute is Wf . We know that the work due to
friction is given by
Z b
F~f · d~s.
(7)
Wf =
a

To compute this integral, we first write z(u) = h(x, y) as the level curve H(x, y, z) = 0.
At any point on the halfpipe, the gradient of H is then given by


tan φ
~ =  −f 0 (y)  .
∇H
(8)
1
Let ~n be the unit normal vector to H, given by
~n =

~
∇H
.
~
|∇H|
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Then from Newton’s Second Law and our knowledge of the system, the forces shown in
Figure 5 are given by
|F~n | = |F~g | cos α = |F~g · ~n|
|F~f | = µk |F~n |,
which gives
|F~f | =

µk ~ ~
Fg · ∇H .
~
|∇H|

Furthermore, (6) and (8) imply
~
= mg.
F~g · ∇H
Thus, (7) becomes
Z
Wf = −µk
a

b

mg
ds,
~
|∇H|

where
~
|∇H|
=

q

tan2 φ + (f 0 (y0 + u cos θ))2 + 1 =

and

s
ds =

dx
du

In order to integrate, we compute

2


+

dy
du

p
sec2 φ + (f 0 (y0 + u cos θ))2

2


+

dz
du

2
.

dz
dx dy
,
, and
from (2), yielding
du du
du

dx
= sin θ,
du
dy
= cos θ,
du
dz
= f 0 (y0 + u cos θ) cos θ − sin θ tan φ.
du
Thus,
ds =

p

1 + (f 0 (y0 + u cos θ) cos θ − sin θ tan φ)2 du.

Thence, our integral expands to
s
Z
u(b)

Wf = −µk mg
u(a)

1 + (f 0 (y0 + u cos θ) cos θ − sin θ tan φ)2
du.
sec2 φ + (f 0 (y0 + u cos θ))2

(9)

So, plugging (9) into (3), we find the boarder’s kinetic energy to be
K(b) = K(a) + Wg + Wf
1
= m|v~0 |2 + mg [z(u(b)) − z(u(a))]
2
Z u(b) s
1 + (f 0 (y0 + u cos θ) cos θ − sin θ tan φ)2
− µk mg
du.
sec2 φ + (f 0 (y0 + u cos θ))2
u(a)

(10)
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Finally, we can use (10) to compute the magnitude of the boarder’s velocity at any point,
b, along her run
r
2K(b)
.
(11)
|v(b)| =
m
If a and b are the lips on either side of the pipe in our parametrization (2), then
u(a) = 0,
w
u(b) =
,
cos θ
and we can use these values to compute |vlaunch | from (11). With this, we can find the
Air achieved by any boarder SB on any run R on any halfpipe ξ.

4

Simulations

In order to find the optimal shape f (·) for a halfpipe, in our simulations we fixed φ = 18◦
and W = 18m, both of which are standard values for real world halfpipes [11]. While our
model theoretically allows us to solve for the optimal run R∗ on each pipe, for the current
project we instead used a representative R∗ for all pipes. Based on empirical observation,
[18, 14] we fixed the parameters of R∗ at |v0 | = 5m/s; θ = 20◦ in all simulations. For a
coefficient of friction, we used µk = 0.01, which is roughly realistic [9]. The mass of the
snowboarder cancels out in our equations, so we do not specify a value for it. Finally, for a
stability function, we used
γ(ξ, R) = λ (|vtrough | − |vlaunch |) sin θ,

(12)

where
• |vtrough | is the boarder’s speed at the center of the halfpipe (y = 0),
• |vlaunch | is the boarder’s speed at the moment she becomes airborne, and
• λ is a normalization constant.
This form for γ reflects the following observations:
• A snowboarder can maintain control better if she accelerates more slowly, by taking
a wider angle (i.e. greater θ) down the pipe.
• After accelerating down to the trough of the pipe, a boarder can increase her control
more the more speed she gives up while ascending the far side.
We used λ = 13 for our simulations to generate realistic Air values.
In addition to the effects of the track on the boarder’s stability, the track must obey some
absolute limits in order to be safe. We make two assumptions about the safety requirements
of the track:
• The track cannot take a boarder above some maximum speed vmax .
• The track cannot have curvature at any point greater than some κmax .
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Figure 6: The optimal elliptical halfpipe
We chose vmax = 15m/s, and discarded from our consideration those halfpipes which generated speeds above vmax on run R∗ .
For each track-run pair (ξ, R), we can compute the curvature at any point in the run by
κ=

|z 00 (u)|
.
(1 + z 0 (u)2 )3/2

(13)

For each ξ, we computed
κ(ξ, R∗ ) = max κ(z(u), u; ξ, R∗ )
u

numerically and discarded any halfpipes that yielded κ ≥ κmax . Based on the physics
of snowboards [10, 1], we chose κmax = 1.45m−1 .
Using (11) and (12), we can compute
Air(ξ, R, SB) = γ

|vlaunch |2
,
2g

where g is the gravitational constant. This allows us to estimate (1) by simulation.
Using our model, we tested two different classes of shapes: ellipses and even, sextic
polynomials. For each shape class, we ran 10 Monte Carlo simulations of 400 trials each
searching the possible parameters of the shape f (y) for the parameters of ξ ∗ , the pipe that
maximized Air(ξ, R, SB).
To verify our methodology, we began by testing an elliptical halfpipe. With w fixed, this
leads to a function f with one free parameter b,
s
y2
f (y) = −b 1 −
.
(14)
(w/2)2
For w = 18, our simulations revealed that the optimal elliptical halfpipe, shown in
Figure 6, had coefficient
b̂ = 9.1822 ± .09%.
(15)
This shape yielded
∗
Air(ξellipse
; R∗ , SB ∗ ) = 2.5877m ± .02%.

(16)
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Figure 7: The optimal sixth-order polynomial halfpipe
To solve for a more general curve, we used a sixth-degree polynomial with zero coefficients
on all odd terms,
f (y) = ay 6 + by 4 + cy 2 + d.
(17)
In our Monte Carlo simulations, we allowed a, b, and c to vary and chose d such that
f (−w/2) = f (w/2) = 0. The optimal curves discovered in 10 simulations of 400 trials each
had the following coefficient ranges:
â = 0.00001691

±4.7%

b̂ = 0.00001363

±268%

ĉ = 0.00002674

±99%

(18)

∗
The resulting optimal polynomial halfpipe ξpolynomial
, shown in Figure 7, yielded
∗
Air(ξpolynomial
; R∗ , SB∗) = 2.5848 ± .04%

(19)

The wide ranges of b̂ and ĉ in (18) and the narrow range of (19) show that the quartic
and quadratic terms in (17) do not play an important role in the shape of the halfpipe
∗
∗
ξpolynomial
. The shape of ξpolynomial
in Figure 7 looks reassuringly similar to real halfpipes
[19].
Finally, we wanted to compare our polynomial results to the results of a cycloid, the
curve defined parametrically by
y = r(t − sin t)
(20)
z = r(1 − cos t)
for some r > 0. Previous research suggests that in some theoretical sense, this is the best
shape for a halfpipe [8]. As we fixed w in our simulations, there were no free parameters in
our simulation of the cycloidal halfpipe. Since our formulation requires an explicit function
y 7→ z, which cannot be obtained from (20), we approximated the appropriate cycloid with
a sixth-order polynomial. After computing 100 points on the cycloid for evenly spaced
t ∈ [0, 2π], we estimated coefficients in (17) by least squares, yielding
f (y) = 0.000009856y 6 − 0.0007106y 4 + .06216y 2 − 5.789.
The resulting halfpipe is shown in Figure 8. It yielded
Air(ξcycloid ; SB ∗ , R∗ ) = 1.6395m,

(21)

Team # 11987

Page 10 of 12

Figure 8: The cycloidal halfpipe
significantly less than the height for the best polynomial pipe. This suggests that while the
cycloid has interesting theoretical properties, it is not well-suited to the realities of extreme
snowboarding.

5

Discussion

We constructed a model of a halfpipe which allowed us to find the maximum vertical air a
snowboarder could achieve on any run. Fixing the parameters of the snowboarder, the run,
and the size of the halfpipe, we ran simulations to find the optimal shape.
The optimal shapes yielded by our simulations bear a strong similarity to the shapes of
halfpipes used in top-level international competitions [11]. Our optimal elliptical model (15)
generated the greatest vertical air of all simulated shapes, though this was not significantly
different from that of the optimal sextic pipe (18). Both of these values were significantly
greater than the air generated by the cycloidal shape in our model. The polynomial model in
particular exhibits many characteristics observed in industrial standard halfpipes, including
a wide, flat base with a steep, vertical climb approaching the lip [19].
We fixed all parameters but the shape function in our simulations to reduce the computational complexity of our optimization problem. Faced with a different problem, such as
finding the optimal incline for a given shape or the optimal path for a given halfpipe, we
could just as easily optimize over other parameters. Given more computational resources,
we could compute the optimal run separately on each halfpipe, to account for different riding
opportunities afforded by differently shaped pipes.
Perhaps the most unrealistic part of our model is our assumption that the boarder’s
trajectory lies in a plane parallel to the z-axis. While this assumption greatly simplifies the
derivation of (11), it glosses over some of the subtleties of elite halfpipe riding [15]. To allow
for the introduction of such subtleties, we could modify our derivation from (7) onward to
integrate along a 3-dimensional curve instead of a 2-dimensional one.
Finally, our stability function (12) is highly simplistic. While sufficient to show that our
modeling approach works in general, it does not account for nearly all of the factors that
go into a snowboarder’s ability to get air, such as pumping [12]. However, its role in the
model is sufficiently general that it could be modified to include almost any other factor
which turns out to be relevant. Furthermore, it could be replaced by a different function
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containing the determinants of a goal other than maximizing vertical air, such as maximizing
airtime [2] or spin.
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