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Abstract— In this paper, we consider clustering in autonomous multi-agent systems where the agents, assumed to
belong to either ‘blue’ or ‘red’ type, engage in local locationswaps to physically separate the network into two connected
clusters. The groupings (red/blue) may reflect hardware differences or some other distinguishing factor that differs across
groups. We present a randomized algorithm, Naı̈ve Swap,
where the agents randomly swap their locations with an
arbitrary neighbor.We then provide two modifications to this
naı̈ve strategy, Intelligent Swap and Stable Marriage Swap,
that are based on truncated average-consensus and the GaleShapley algorithm for solving the stable marriage problem,
respectively. These modifications serve as an improvement upon
the randomized (naı̈ve) location-swaps by using information on
the group association of neighbors to guide swapping decisions.
We provide a sketch for the analysis of the proposed schemes
via an irreducible Markov chain analogy. We further show the
effectiveness of the proposed strategies via simulations.

I. I NTRODUCTION
Clustering is an important problem in randomly deployed
multi-agent systems where the agents can be categorized
into two or more distinct groups. To motivate the problem,
we consider the case of a connected network of mobile
agents that is in some way heterogeneous. This heterogeneity
leads to clustering and could correspond to different types of
agents clustered together with distinct physical differences,
such as processing/battery power, sensing modalities, or
some other, more abstract distinguishing features. The applications of such heterogeneous networks are many: agents
with different hardware capabilities, for example, can be
used intelligently to lessen overall power consumption [1]
or expedite data collection [2].
The problem of interest is what, in this paper, we call selfclustering: given a network of autonomous and heterogenous
agents, group all agents of the same type together via a distributed algorithm (see Fig. 1 and 2)1 . This could be applied
to situations where we have integrated multiple networks
of agents to accomplish a task and wish to retrieve one
(sub-)network for redeployment to another task, for example.
Simply recalling the agents from their current locations in the
network may leave the network disconnected, which makes
coordination of the remaining agents impossible. Clustering
the agents prior to removal is one method of ensuring that
information can continue to flow throughout the graph even
after one group of agents is removed.
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Fig. 1. An initial configuration
on a grid with periodic boundary
conditions.

Fig. 2.
A self-clustered network. We note that, because of the
boundary conditions, the clusters
are connected.

We note that, on the surface, this problem resembles classical graph theory problems such as min-cut or partitioning [3]
in that we desire to find groupings of the network. The key
distinction is the mobility of the agents – the method of
obtaining said groupings is very different. Given the desire
for agents to move together, the self-clustering problem also
resembles flocking [4], where we consider a network of
mobile agents coordinating their positions and velocities to
move as a unit, but differs in that we are looking to have
agents flock with others that share their type and not with
the entire network.
The clustering problem can be formulated on a continuous
physical space, discretized physical grid (i.e., graphs following Euclidean distance restrictions), or arbitrary graphs. In
this paper, we consider the clustering problem on a regular,
discrete grid. Generalization to arbitrary dimensions and
abstract connectivity, however, is also possible. We asume
that, at time k, each agent occupies exactly one node of
the graph. At each time step, each agent can swap positions
with any one of its neighbors on nodes above/below, to the
left/right, or at any of the four diagonals.
The rest of the paper is organized as follows. Section II
develops the problem of self-clustering in a mathematical
context. Section III presents a simple clustering algorithm,
Naı̈ve Swap, and discuss its convergence properties. Section IV employs truncated average-consensus to introduce
an improvement on the Naı̈ve Swap, that we term as ‘Intelligent Swap’, and further includes a discussion on the
convergence. Section V outlines Stable Marriage Swap, a
proposed strategy to improve upon the Intelligent Swap.
Finally, Section VI provides numerical simulation results,
and Section VII concludes the paper.

II. P ROBLEM S TATEMENT
Consider a network of N agents in the set A = {1, ..., N }
and a connected, undirected graph, G = (V, E), with N
nodes. Here, V = {1, ..., N } is the vertex set, an E is the
edge set giving the pairs of connected vertices of G. We
assume each agent to occupy exactly one node of the graph
at any given time, with the assignment of agents to nodes at
discrete time k ∈ N denoted by Mk , where Mk is an N × N
permutation matrix that takes agents to node locations.
The graph, G, has a static, N × N symmetric adjacency
matrix A, where

1, if (n, l) ∈ E,
Anl =
0, if (n, l) ∈
/ E.
We assume A to have unity diagonal.
Consider the case where the agent set, A, has two distinct
subsets, each of size N/22 , i.e.,
N
.
2
We will refer to agents in R as “red”, and those in B
as “blue”, though these labels are arbitrary. We assume an
ordering on the agents such that
A ≡ R ∪ B,

|R| = |B| =

A = {r1 , ..., rN/2 , b1 , ..., bN/2 },
where ri ∈ R and bi ∈ B. With this, we write the agent
vector as a = [r1 , ..., rN/2 , b1 , ..., bN/2 ]T and the state vector
as xk = Mk a.
While the neighborhood of any given node is static, agents
can move throughout the graph as time progresses, changing
which node they occupy. Thus, the neighborhood of any
given agent is not static. The communication matrix between
agents at time k, Ck , is simply
Ck ≡

Mk−1 AMk

=

MkT AMk ,

where here we have used the fact that permutation matrices
are orthogonal. This communication matrix maps agents to
graph nodes, finds adjacencies, and then maps nodes back
to agents via a similarity transformation. As such, we will
refer to the agents with which agent i can communicate at
time k as the neighbor set of i,
Nk,i = {j | The (i, j) entry of Ck 6= 0} .
At each time k, we assume that the subsequent node assignment matrix Mk+1 is formed by swaps between adjacent
agents according to Ck , where a swap of agents i and j at
time k means
xi (k + 1)

=

xj (k),

xj (k + 1)

=

xi (k),

and Mk+1 reflects these modifications. We restrict each agent
to participate in at most one swap per time step. Our goal is to
find a swap decision algorithm which uses local information
at the agent level to cluster the network in finite-time, where
we will say loosely that the network is clustered when the
2 We
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red agents are assigned to a well-connected subgraph of G,
and so are the blue agents.
Formally, we will measure this indirectly by means of a
cost function. We define an agent to be “happy” at time k
if it shares a color with at least half of its neighbors at that
time. Our cost function, then, is simply a binary measure,

0, if all agents are happy,
J(Mk ) =
1,
otherwise.
We aim to minimize J(Mk ), that is to say, achieve universal
happiness.
A. Assumptions
In this paper, we assume the graph G to be a regular
lattice graph where each node is connected to the surrounding
8 neighbors. To simplify the boundary conditions, the top
nodes are connected to the bottom and the left nodes are
connected to the right3 . Additionally, we assume that the
agents have some synchronization scheme. This is important
as our later algorithms consist of separate phases, between
which agents must transition as a whole.
III. NA ÏVE S WAP
We first consider a naı̈ve approach in which each agent
does not use any information from its neighbors in determining which neighbor with which to swap location. Specifically,
we suppose that the agents exchange positions according
to an asynchronous gossip-type protocol [6], where at each
time step, k, a random unhappy node swaps with one of its
neighbors of the other color. This “Naı̈ve Swap” algorithm
can be seen in Algorithm 1.
Algorithm 1 Naı̈ve Swap
k←0
while ∃ unhappy agent i do
Swap i with a random neighbor of the opposite color,
with equal probability over all such neighbors
k =k+1
end while
We note that, as stated, the algorithm has a clear terminating condition – when all agents are happy, the loop exits. It
is not immediately clear, however, that this condition is ever
satisfied for arbitrary initial agent-node pairing M0 . We now
show that the Naı̈ve Swap algorithm, in fact, terminates in
finite-time, with all agents happy. To do this, we require a
few lemmas:
Lemma 3.1: The Naı̈ve Swap is a Markov chain.
Proof: We give an informal sketch. Consider a single
agent, i, at time k. If i is happy, which is a function of
its current neighbor set, Nk,i , then it will not initiate a
swap. If i is unhappy, it will swap with one of its oppositecolor neighbors (chosen over all such neighbors, with equal
probability). Thus, the location of agent i at time k + 1 is
3 It can be shown that this connectivity leads to an agent deployment on
the surface of a torus, see [5] for details.

a random process which depends only on the location of all
agents at time k and the lemma follows.
By assumption, there is an assignment of agents to nodes
which makes all agents happy, and thus there exists at least
one fixed point of the iteration. We note that there are no
fixed points that correspond to any agent being unhappy, by
definition of the algorithm. Defining the set of all fixed points
of the iteration to be F, we provide the following lemma.
Lemma 3.2: The Markov chain of the Naı̈ve Swap is
irreducible with F being the set of absorbing states.
Proof: A formal proof is outside the scope of this paper
but we provide the following sketch. We need to show that
the probability of reaching any fixed-point in F is non-zero.
Because all transitions between an unhappy agent and an
adjacent agent of the opposite color are equally probable,
we just need to show that there is not a state of the network
which causes “looping”, where, with probability 1, unhappy
agents are confined to some subgraph with no existing happy
configuration. We argue that this is prevented by the graph
topology, as having such a subgraph would require the rest
of the network to also have unhappy nodes, and thus the
configuration is not sustainable.

Algorithm 2 Intelligent Swap
k←0
while ∃ unhappy agent do
Form Yk (0) by counting neighbors, i.e.,
Yk,i,1 (0) ← | {j | j ∈ Nk,i ∩ R} |
Yk,i,2 (0) ← | {j | j ∈ Nk,i ∩ B} |
Run O (diam(G)) iterations of average-consensus
on Yk (0) with communication matrix Ck .
T ← {i | i is unhappy}
for each i in T that has not already moved do
if i ∈ R then
Rank each neighbor j ∈ B by Yk,j,1 (n)
else
Rank each neighbor j ∈ R by Yk,j,2 (n)
end if
Swap with highest-ranked neighbor of the other
color who has not already swapped
end for
k =k+1
end while

IV. I NTELLIGENT S WAP
We now consider a modification to the Naı̈ve Swap
algorithm that uses communication between adjacent agents
to make more intelligent swap decisions than the previous
strictly random decisions. In particular, we will employ the
average-consensus algorithm (see, for example, [7]).
In the classical average-consensus iteration, each node is
assumed to have some initial value, Yi (0), and we aim to
calculate the average across all i in a distributed fashion.
The Intelligent Swap algorithm uses a truncated averageconsensus, i.e., the average-consensus is terminated in finitetime.
Algorithm 2 shows the pseudo-code for the Intelligent
Swap. The matrix Yk is an N × 2 matrix where the (i, 1)
entry, Yk,i,1 (t) is the number of red neighbors of agent i
at time k at average-consensus iteration t, and the (i, 2)
entry is defined similarly for blue neighbors. We note
that the algorithm alternates between two distinct stages,
the average-consensus stage and the swapping stage. The
average-consensus stage at each outer iteration first propagates information about the distribution of red and blue
agents on the graph to all agents. The swapping stage acts as
an effective gossip-type protocol as before, where now the
agents have some preference list they attempt to follow.
Heuristically, we claim that truncating the iteration in
the average-consensus stage gives each agent a value that
approximates the mean, but is biased higher or lower depending on the number of neighbors of each color that are
nearby. Thus, these values give some extra information when
performing a swap, and give the potential to make more
intelligent decisions.

developed which cause the early-truncation heuristic to give
poor information. However, we introduce a small modification to the algorithm that we claim reduces the proof of
convergence to the proof of convergence of the Naı̈ve Swap
algorithm.
In particular, we introduce a randomized component to the
algorithm by choosing some probability parameter p ∈ (0, 1].
In Algorithm 2, consider the swap phase that subsequently
follows each average-consensus iteration. We replace the
deterministic “swap with highest-ranked available neighbor”
with a randomized step: each unhappy agent swaps with their
highest-ranked neighbor of the other color with probability p,
else they swap randomly.
This modification causes all probabilistic arguments applied to Naı̈ve Swap thus far to apply to the Intelligent Swap
– we have effectively hybridized the algorithm.

A. Convergence of Intelligent Swap
We note that the Intelligent Swap algorithm as it stands
falls victim to looping, as deterministic structures can be

V. A LTERNATIVE S TRATEGY – S TABLE M ARRIAGE S WAP
We consider one final alternative strategy that goes beyond
(truncated) average-consensus. This is motivated by the observation that many unhappy agents that are near each other
at some time step k may have similar preference lists, and,
thus, there will be competition between them to swap with
the same agents.
We are interested in coordinating the swaps such that
each unhappy agent chooses a neighbor with which to swap
in a way that leads to the overall swap, maximizing the
utility of the agents as a whole. This is related to the stable
marriage problem, an assignment problem that seeks to find
stable matchings in a bipartite graph [8]. In [9], Floréen
et al. give results on a distributed version of the wellknown Gale-Shapley algorithm for this problem, which we
explore in our simulations. In particular, rather than having
agents swap asynchronously after the average-consensus step
in Algorithm 2, we run a fixed number of iterations of

VII. C ONCLUSION
We observed that the Intelligent Swap and the Stable
Marriage Swap algorithms require, on our graph topology,
substantially fewer swaps than the Naı̈ve Swap algorithm.
Furthermore, they perform much more predictably with a
smaller spread than the purely random case.
We note that the utility of the algorithms explored in this
paper depend on the relative cost of agent communication
as compared to agent movement – if communication is
faster and cheaper than movement, as seems likely for most
physical applications, reducing the number of swaps at the
cost of adding average-consensus iterations is logical.
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Trials requiring n swaps

To compare the performance of the algorithms discussed
in this paper, we run MATLAB simulations on a trial lattice
graph of size N = 64 (i.e., the topology of Fig. 1). We
perform 1000 Monte Carlo trials of each algorithm to observe
the convergence behavior, with each initial assignment of
agents to nodes being randomly generated. For Intelligent
Swap and Stable Marriage Swap, the “intelligent” swap was
chosen with probability p = 0.95.
Fig. 3 shows the results of the Naı̈ve Swap algorithm.
We restrict the total number of swaps in each run to 3000,
and thus the last histogram bucket represents those runs
that took 3000 or more iterations to achieve convergence.
We see that the distribution is spread over a large range –
the algorithm is not very predictable. We note that given
the random initialization, this distribution could be more
indicative of the initial configuration than of the algorithm.
Fig. 4 shows the results for Intelligent Swap. We see the
distribution has a clearer peak and requires, on average, fewer
swaps than the Naı̈ve Swap case. The number of averageconsensus iterations required averaged about 208.
Fig. 5 shows the results for Stable Marriage Swap. The
swap distribution seems to improve upon Intelligent Swap,
and required fewer average-consensus iterations on average
(about 145). We note, however, that we also require a number
of iterations of the Gale-Shapley algorithm at each averageconsensus iteration, increasing communication costs.
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Fig. 3. Histogram of total number of swaps required for convergence of
Naı̈ve Swap. The last bin represents those trials that did not converge in
3000 iterations.
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Fig. 4. Histogram of total number of swaps required for convergence of
Intelligent Swap. Inset: an example ending configuration.
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distributed Gale-Shapley on the unhappy agents and their
neighbors, using the average-consensus results, again, as our
preference list.
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Fig. 5. Histogram of total number of swaps required for convergence of
Stable Marriage Swap. Inset: an example ending configuration.
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